Abstract. We show that every effective smooth action of a Lie group G on a manifold M is a diffeomorphism from G onto its image in Diff(M), where the image is equipped with the subset diffeology of the functional diffeology.
Introduction
The group Diff(M) of diffeomorphisms of a manifold M, and subgroups that preserve certain geometric structures (for example, the group of symplectomorphisms of a symplectic manifold), are important objects of research. Such groups are often considered heuristically as infinite dimensional Lie groups, whose "finite dimensional Lie subgroups" are taken to be the images of smooth finite dimensional Lie group actions.
There are several rigorous approaches to the structure of Diff(M). When M is compact, Diff(M) is a Fréchet Lie group [Omo74] . An approach through Frölicher structures is given in [KrMi97] .
In this paper we take a simpler rigorous approach: the diffeological approach. Roughly, a diffeology on a set X declares which maps from R n to X are smooth, for all n ∈ N. See Section 1 for relevant definitions. If M is a manifold, there is a natural diffeology on Diff(M), with respect to which the notion "Lie subgroup of Diff(M)" is unambiguous: it is a subgroup that, equipped with the subset diffeology, is a manifold. The usual notion of an effective smooth action of a Lie group G on a manifold M is the same thing as a group monomorphism G → Diff(M) that is smooth in the diffeological sense. A priori it is not obvious that in this situation the manifold structure on G is induced from the ambient diffeology of Diff(M), i.e., that the smooth monomorphism is necessarily a diffeomorphism with its image. The purpose of this paper is to prove this fact. Thus, a Lie subgroup of Diff(M) really is the same thing as the image in Diff(M) of a smooth Lie group action on M. We give a formal statement in diffeological terms:
Theorem -Let M be a manifold. Equip Diff(M) with the functional diffeology. Then every smooth monomorphism from a Lie group to Diff(M) is an induction.
We now rephrase this statement in more common terms. Let ρ : G → Diff(M) be an effective smooth action of a Lie group G on a manifold M. That is, ρ is a one-to-one group homomorphism, and the map (g, m) → ρ(g)(m) from G × M to M is smooth. Let D be an open subset of R k for some k. Let r → f r be a map from D to the image of G in Diff(M). Let r → g r be the map from D to G such that ρ(g r ) = f r for all r ∈ D. Assume that the map (r, m) → f r (m), from D × M to M, is smooth. Then the map r → g r , from D to G, is smooth.
For example, this theorem immediately implies that the ordinary smooth structure of the linear group GL(n, R) is induced by the functional diffeology of Diff(R n ). This fact was proved in [Igl85] but not as a consequence of a more general theorem. More generally, most of the classical Lie groups -the orthogonal groups, the unitary groups, the symplectic groups etc. -are Lie subgroups (in the diffeological sense) of groups of diffeomorphisms of vector spaces.
Sentences such as "What are, modulo conjugacy, the maximal subtori of a group of symplectomorphisms?", as considered in [KKP07] , have an intrinsic diffeological meaning. The above theorem shows that, fortunately, this meaning coincides with the usual interpretation of such sentences.
In Section 2, we prove the above theorem. In Section 3, we give a simple sufficient condition for which the induction is an embedding; this condition holds for the classical Lie groups that are listed above.
Throughout this paper, all manifolds, and in particular all Lie groups, are assumed to be Hausdorff, second countable, and finite dimensional.
The diffeological framework
We review here definitions and constructions in diffeology that we will need. More details can be found in [PIZ05-10].
Let X be a set. A parametrization on X is a map from an open subset of R n , for some n ∈ N, to X. A diffeology on X is a set of parametrizations, whose elements are called plots, that satisfies three axioms: the covering axiom -constant maps are plots; the locality axiom -being a plot is a local condition: given f : U → X, if every point in U has a neighbourhood V such that f| V is a plot, then f is a plot; and the smooth compatibility axiom -precomposition of a plot with a smooth map (in the usual sense) is a plot. A diffeological space is a set equipped with a diffeology.
Let M be a manifold. There exists on M a natural diffeology: the plots consist of those parametrizations that are smooth in the usual sense. On the group Diff(M) of diffeomorphisms of M there also exists a natural diffeology, called the functional diffeology: the plots consist of those parametrizations U → Diff(M), r → f r , for which the map (r, m) → f r (m) from U × M to M is smooth.
The discrete diffeology on a set X is the diffeology for which only the locally constant parametrizations are plots. A space with the discrete diffeology is called discrete.
A smooth map between two diffeological spaces is a map whose precomposition with every plot of the source is a plot of the target. Diffeological spaces and their smooth maps form a category. The isomorphisms of this category are called diffeomorphisms. Thus, a diffeomorphism is a bijective map that is smooth and whose inverse is smooth.
On any subset A of a diffeological space X, there exists a natural diffeology, called the subset diffeology. Its plots are the plots of X with values in A. If this diffeology is discrete, A is called a discrete subspace. In particular, any countable subset of a manifold inherits the discrete diffeology, for example Q ⊂ R.
An induction is an injective smooth map between diffeological spaces that is a diffeomorphism onto its image, where the image is equipped with the subset diffeology. For manifolds, every induction is an immersion, and every immersion is locally an induction, but an immersion need not be an induction, even if it is injective. For example, the parametrization t → (sin(t), sin(2t)) from (−π, +π) to R 2 , of the lemniscate (figure eight), is an injective immersion but it is not an induction. On a manifold, the D-topology coincides with the classical topology. A manifold can be redefined as a diffeological space in which every point is contained in a D-open set that is diffeomorphic to an open subset of some R n . A map of manifolds is smooth in the usual sense if and only if it is smooth in the diffeological sense. A submanifold is just a subspace which is a manifold.
The D-topology distinguishes between inductions: an induction that is also a homeomorphism with its image, when the image is taken with the subset topology induced from the D-topology of the ambient space, is called an embedding. Not every induction is an embedding. For example, the irrational line R → R 2 /Z 2 given by x → [x, αx] for α irrational is an induction but is not an embedding.
The quotient of a diffeological space X by any equivalence relation R has a natural diffeology, called the quotient diffeology. Its plots are those parametrizations that can be locally lifted to plots of X along the projection π : X → X/R. Thus, f : U → X/R is a plot if and only if for every point u ∈ U there exists a neighbourhood V of u in U and a plotf : V → X such that f| V = π •f. A strict map f : X → Y is a smooth map that identifies the quotient X/f with the image f(X), as diffeological spaces [Don84] .
A diffeological group G is a group equipped with a diffeology such that the inversion and the multiplication are smooth. If M is a manifold then Diff(M), with its functional diffeology, is a diffeological group. A Lie group is the same thing as a diffeological group that is also a manifold. A Lie subgroup of Diff(M) is a subgroup that, with the subset diffeology, is a Lie group.
A smooth action of a diffeological group G on manifold M is a smooth homomorphism ρ : G → Diff(M), where Diff(M) is equipped with the functional diffeology. When G is a Lie group, this is equivalent to the usual definition of a smooth G action on M: the map (g, m) → ρ(g)(m) is required to be smooth. The action is effective if the homomorphism ρ is injective. The tautological action of Diff(M) on M is smooth and effective.
Smooth Lie group actions on manifolds
In the following paragraphs, we use the following notation. G is a Lie group, M is a manifold, and ρ : G → Diff(M) is a smooth action of G on M. We denote the stabilizer of m in G by G m . We denote ρ(g)(m) Proof. Because the quotient map π : G → G/G m admits smooth local sections, the map m ♮ : G/G m → M is a smooth injection. Let σ be a smooth section of π, let O be its image in G, and assume that 1 G ∈ O. Then O is transverse to G m at the identity 1 G .
The differential of the orbit map m ♮ : g → g · m, computed at the identity 1 G , is the map ξ → ξ M (m), where ξ is an element of the Lie algebra G of G and ξ M denotes the fundamental vector field on M associated to ξ. The kernel of this map is equal to the Lie algebra G m of G m :
The image of this map is the subspace
Let D be a disc in M through m that is transverse at m to this subspace.
Consider the map For every x ∈ D, consider the set
Note that A x is nonempty if and only if x ∈ G · m ∩ D.
Let us now show that
For this, we will first show that (♦) for every x ∈ D, the set A x is an open subset of G. Let us now check that the map m ♮ : G/G m → M is an induction (diffeomorphism with its image). Fix an arbitrary parametrization γ : V → G/G m , and assume that the composition m ♮ • γ is smooth. We need to show that γ itself is smooth.
Let r 0 be a point in V and let g ∈ G be such that γ(r 0 ) is equal to the coset gG m in G/G m . We need to find a neighbourhood of r 0 in V in which γ is smooth. Shrinking V, precomposing γ by translation by r 0 , and composing γ by left multiplication by the element g −1 of G, we reduce the problem to the following special case. But we already know that α is smooth. So γ is also smooth, and, hence, so is γ.
2. When G is countable. Let M be a manifold, G a countable discrete group, and ρ : G → Diff(M) a smooth action. Then the image of ρ is a discrete subset of Diff(M). In particular, if the action is effective, then ρ is an induction. Note 1. Because we assume manifolds to be second countable, a countable discrete group is the same thing as a zero dimensional Lie group.
Note 2. The image of a discrete diffeological group into Diff(M) by a smooth monomorphism has no reason to be discrete a priori. For example, a Lie group G injects into Diff(G) by left multiplication. If G is equipped with the discrete diffeology, then the injection G → Diff(G) is smooth, but it is not an induction if dim G > 0. We rule out this example by assuming that G is countable.
Proof. Let r → f r be a smooth parametrization in Diff(M) with values in ρ(G), and let r 0 be a point in the domain of this parametrization. Fix m ∈ M. Because G is countable, the orbit G · m is countable. But a countable subspace of a manifold is diffeologically discrete. So the smooth parametrization ϕ : r → f r (m), which takes its values in the countable subspace G · m of M, is locally constant. But locally constant means constant on the connected components of the domain of the parametrization [PIZ05-10, chap. II]. Let B be an open ball in the domain of ϕ that is centred at r 0 . Then f r (m) = f r 0 (m) for all r in B. Repeating this argument for all m in M, we deduce that f r = f r 0 for all r in B. Thus, the parametrization r → f r is locally constant. In conclusion, the image of G by ρ is discrete. It follows immediately that if the action is effective then ρ is an induction.
3. The case of a discrete stabilizer. Let M be a manifold, let G be a Lie group, and let ρ : G → Diff(M) be an effective smooth action of G on M. Suppose that there exists a point m in M such that the stabilizer G m is discrete. Then ρ is an induction.
Proof. Let r → f r be a parametrization of Diff(M) that takes its values in ρ(G). Let r → g r be the parametrization of G such that ρ(g r ) = f r for all r. Let r 0 be a point in the domain of these parametrizations. We would like to show that r → g r is smooth near r 0 . −1 • f r is a plot of Diff(M) that takes its value in ρ(G m ). But since G m is assumed to be discrete, ρ(G m ) is also discrete (Paragraph 2). So, r → ρ(g ′ r )
−1 • f r is locally constant. Therefore, after possibly shrinking the neighbourhood B of r 0 , there exists a constant element κ ∈ G m such that ρ(g
, for all r ∈ B. But also f r = ρ(g r ). Because the action is effective, we deduce that g r = g ′ r κ for all r ∈ B. Because r → g ′ r is smooth and κ is constant, this implies that r → g r is smooth.
4. Intersecting vector subspaces. Let E be a finite dimensional vector space. Let {E i } i∈I be a family of subspaces of E. If ∩ i∈I E i = {0}, then there exists a finite set of indices (i, j, . . . , k) ⊂ I such that
Proof. We prove the result by induction on the dimension of E. If E = {0}, the result is trivial: we can take the finite set of indices to be the empty set. Suppose that the result is true for vector spaces of dimension smaller than that of E. Because ∩ i∈I E i = {0}, there exists at least one vector subspace E i such that E i = E, that is dim(E i ) < dim(E). Let us define I ′ := I {i}, E ′ := E i , and E Proof. Denote by G the Lie algebra of G, and, for every point m of M, denote by G m the Lie algebra of the stabilizer G m of m. For any smooth parametrization P : U → G, if P takes values in G m , then, for every r ∈ U, the composition of the differential dP r : T r U → T P(r) G with the left translation by P(r) −1 takes values in the subspace G m of G.
Because the action is effective,
According to Paragraph 4, there exists a finite set of points, say,
Let P : U → G be a smooth parametrization that takes values in
For every r ∈ U, the composition of the differential dP r : T r U → T P(r) G with the left translation by P(r) −1 takes values in G m 1 ∩ . . . ∩ G m N . So the differential dP r is zero for every r ∈ U, and so the map P is locally constant. Therefore, G m 1 ∩ · · · ∩ G m N is discrete.
6. Smooth Lie group actions. Let M be a manifold, G a Lie group, and ρ : G → Diff(M) an effective smooth action. Then ρ is an induction. That is, ρ is a diffeomorphism onto its image, when the image is equipped with the subset diffeology.
Note. Let M be a manifold, G a Lie group, and ρ : G → Diff(M) a smooth action that is not necessarily effective. Let K = ker ρ. Applying Claim 6 to the quotient G/K, we deduce that ρ induces a diffeomorphism from G/K to its image in Diff(M). Let P : O → Diff(M) be a plot. The preimage P −1 (Ω) consists of those r ∈ O such that (P(r)(m 1 ), . . . , P(r)(m k )) ∈ V.
That is, P −1 (Ω) = (µ ♮ 
